We study the full evolution of low-mass white dwarfs with helium and oxygen cores. We revisit the age dichotomy observed in many white dwarf companions to millisecond pulsar on the basis of white dwarf configurations derived from binary evolution computations. We evolve 11 dwarf sequences for helium cores with final masses of 0. 1604, 0.1869, 0.2026, 0.2495, 0.3056, 0.3333, 0.3515, 0.3844, 0.3986, 0.4160 and 0.4481 Mq. In addition, we compute the evolution of five sequences for oxygen cores with final masses of 0.3515, 0.3844, 0.3986, 0.4160 and 0.4481 Mq. A metallicity of Z = 0.02 is assumed. Gravitational settling, chemical and thermal diffusion are accounted for during the white dwarf regime. Our study reinforces the result that diffusion processes are a key ingredient in explaining the observed age and envelope dichotomy in low-mass helium-core white dwarfs, a conclusion we arrived at earlier on the basis of a simplified treatment for the binary evolution of progenitor stars. We determine the mass threshold where the age dichotomy occurs. For the oxygen white dwarf sequences, we report the occurrence of diffusion-induced, hydrogen-shell flashes, which, as in the case of their helium counterparts, strongly influence the late stages of white dwarf cooling. Finally, we present our results as a set of white dwarf mass-radius relations for helium and oxygen cores.
INTRODUCTION
It is generally accepted that most low-mass helium-core white dwarfs (He-WDs) are the result of binary star evolution, since an isolated star with low mass would take more than a Hubble time to evolve into a WD configuration. He-WDs would be the result of mass transfer episodes in close binary systems (Iben & Webbink 1989; Iben & Livio 1993) . These objects have mostly been observed in various binary systems with a millisecond pulsar as companion (Edmonds et al. 2001; Bassa, van Kerkwijk & Kulkarni 2003; van Kerkwijk et al. 2005) .
In addition, the existence of low-mass WDs with oxygen core (O-WD) is not discarded by theoretical calculations. In fact, Iben & Tutukov (1985) proposed several scenarios where low-mass WDs could harbour cores with elements heavier than helium. More re cently, Han, Tout & Eggleton (2000) have carried out new close binary evolutionary calculations and found that some of the pre sumed He-WDs in double degenerate systems may actually be lowmass WDs with oxygen cores.
The presence of a WD in binary systems containing a millisecond pulsar offers an opportunity to check assumptions made about the ages of millisecond pulsar. In fact, cooling ages for WDs provide an estimation of the age of system, independent of the spin-down age of the pulsar. This is so because the pulsar spin-down begins roughly when the WD is contracting on to the cooling branch. A point to note is that low-mass WD cooling ages are strongly dependent on the thickness of the hydrogen envelope surrounding the helium core of the WD: thick hydrogen envelopes make residual hydrogen burning the main energy source of the WD. In fact, the main uncertainty weighting upon the determination of the WD cooling age is related to the thickness of the envelope.
Over the last three decades, the study of the evolution of low-mass WDs has captured the attention of researchers. Indeed, Webbink (1975) was the first to show that He-WDs develop many weak flashes as a result of thermal instabilities for masses greater than 0.17Mq. As a result of residual hydrogen burning, he derived large cooling time-scales. More recently, Althaus & Benvenuto (1997) and Hansen & Phinney (1998) presented evo lutionary models for low-mass He-WDs by neglecting the evolu tionary history of progenitor stars. Hansen & Phinney (1998) found that thin envelopes allow the WD to cool rapidly while in WDs with thick envelopes residual hydrogen burning slows down the cooling.
More recent enlightening studies by Driebe et al. (1998) and particularly Sarna, Ergma & Gerskevits-Antipova (2000) based on an appropriate description of the evolution of progenitor stars, also predict the occurrence of several hydrogen-shell flashes before the terminal cooling branch is reached. For all of their models, including those that experience thermonuclear flashes, these authors derived thick envelopes, hence large WD cooling time-scales due to residual hydrogen burning. They could explain the evolutionary status of the binary pulsar PSR JI012+5307, in particular the large value for the spin-down age of the pulsar. Nelson, Dubeau & MacCannell (2004) also found that hydrogen burning retards the cooling process, especially for very low-mass WDs. On the other hand, they reported that if the hydrogen envelope is, somehow, completely removed (giving a naked He-WD), then the cooling times would be much shorter, as expected. They derived large cooling ages and found flashes to take place for masses in the range 0.21 <Mwd < 0.28 Mq, in good agreement with Driebe et al. (1998) .
However, all of the above-mentioned results do not predict the age dichotomy suggested by observations of He-WDs companions to millisecond pulsars (see Bassa et al. 2003; Bassa 2006, and ref erences therein) . That is, WDs with stellar masses lower than about 0.18 Mq appear to evolve much more slowly than those with larger stellar masses. This age dichotomy is related to the thickness of the hydrogen envelope left in the WD (Alberts et al. 1996) . In fact, WD models with thin hydrogen envelopes are required for matching the short WD cooling ages with the characteristic pulsar ages in the systems PSR J0218 +4232, PSR B1855+09 and PSR J0437-4715 (see van Kerkwijk et al. 2005 , for a review). Note that the mass of the WD component in these three systems is above -0.20 Mq. But for PSR J1012+5307, having avery low-mass WD companion, athick hydrogen envelope is needed to explain its old age and high effective temperature (reff), see Bassa et al. (2006b) and Callanan, Garnavich & Koester (1998) . Also a thick hydrogen envelope is expected in the ultracool low-mass WD companion to PSR J1909-3744 (see Bassa 2006) . Certainly, these examples strongly suggest the existence of an age dichotomy in low-mass WDs (see Table 1 ).
The results presented in and Serenelli et al. (2001) are noteworthy in this regard. In fact these authors studied the role of element diffusion in inducing thermonu clear flashes in low-mass WDs, and more importantly in explaining the envelope (and age) dichotomy required to explain the observa tions. It is worth mentioning that the existence of diffusion-induced hydrogen burning in DA WDs was earlier studied by Michaud & Fontaine (1984) . Althaus et al. (2001) simulated the mass exchange Table 1 . WD companions to some millisecond pulsars. Listed are the WD stellar mass in solar units, the effective temperature, and the characteristic age of the pulsar rc|l:ll (see Bassa et al. 2003 phases by forcing the red giant branch evolution of 1 Mq model to a sufficiently large mass-loss rate, an approach also employed by Driebe et al. (1998) to obtain He-WD starting models. Althaus et al. (2001) found that for masses MWD > 0.18 Mq diffusion-induced hydrogen-shell flashes take place, which yield small hydrogen en velopes and thus a fast evolution, while He-WDs with mass less than ~:(). 18 Mq evolve much more slowly because they retain relatively thick hydrogen envelopes. They showed that element diffusion is a key physical ingredient for matching pulsar spin-down times and WD cooling ages and thus in explaining the observed age dichotomy. We stress that thermonuclear flashes also take place in the absence of diffusion, but in this case the residual hydrogen envelope is thick enough for it not to predict an age dichotomy. The observational studies carried out by Bassa et al. (2003) are in good agreement with this theoretical prediction.
One of the aims of the present paper is to re-examine our prior conclusions about the fast evolution of low-mass WDs by recomput ing the evolution of He-WDs for several masses, consistently with the expectations from close binary evolution. In addition, we study the full evolution of low-mass O-WDs, as predicted by our binary calculations. All these models were computed in a self-consistent way with the predictions of nuclear burning, time-dependent ele ment diffusion, and the history of the WD progenitor. Our results are also presented as a set of mass-radius relations for WD models with He and O cores. The paper is organized as follows. In Sec tion 2, we present the structure of the evolutionary codes that we have employed for computing the binary evolution and the WD evo lution. In Section 3, we describe the numerical results. In Section 4, we present mass-radius relations for He-and O-WDs. Finally, in Section 5, we discuss the main implications of our results.
INPUT PHYSICS AND COMPUTATIONAL DETAILS
The code used in this work for binary evolution, from zero-age mainsequence (ZAMS) to pre-WD stage, is that described in Han et al. (2000) , Chen & Han (2002 , 2003 . The code uses a self-adaptive non-Lagrangian mesh, where both the convective and semiconvective mixing are treated as a diffusion process and the simultane ous and implicit solution of both the stellar structure equations and chemical composition equations include convective mixing. It is based on an up-to-date physical description such as OPAL radiative (Rogers & Iglesias 1992 ) and molecular (Alexander & Ferguson 1994a,b) opacities, a detailed equation of state that includes Coulomb interactions and pressure ionization, and nuclear reaction rates from Caughlan et al. (1985) and Caughlan & Fowler (1988) . Neutrino-loss rates are from Itoh et al. (1989) and Itoh et al. (1992) . Convective overshooting is not considered.
For the WD regime, we employ the evolutionary code that has been used in previous works on WD evolution (Althaus et al. 2001, 2003 and references therein) . Radiative opacities are those from OPAL (including carbon-and oxygen-rich compositions) for arbi trary metallicity (Iglesias & Rogers 1996) . These opacities are cal culated for metallicities consistent with the diffusion predictions. During the WD cooling regime gravitational settling leads to metaldepleted outer layers. In particular, the metallicity is taken as two times the abundance of CNO elements. The equation of state is an updated version of that of Magni & Mazzitelli (1979) . High-density conductive opacities and the various mechanisms of neutrino emis sion are taken from the works of Itoh & Kohyama (1983) , Itoh et al. ( ,1984a Itoh et al. ( , 1984b Itoh et al. ( , 1987 Itoh et al. ( ,1989 Itoh et al. ( ,1992 andMunakata, Kohyama & Itoh (1987) . Hydrogen burning is taken into account by considering a complete network of thermonuclear reaction rates corresponding to the proton-proton chain and the CNO cycle. Nuclear reaction rates are taken from Caughlan & Fowler (1988) .
In the present work, we take into account the evolution of the chemical abundance distribution caused by element diffusion dur ing the whole WD stage in all of our sequences. Our treatment of time-dependent diffusion is based on the multicomponent gas treat ment presented by Burgers (1969) ; the following nuclear species are considered: II. 3He, 4He, 12C, 14N and 16O; for more details see Althaus et al. (2001) , Gautschy & Althaus (2002) and Althaus et al. (2004) . Abundance changes are computed according to ele ment diffusion and then to nuclear reactions and convective mixing. Radiative levitation, which is relevant for the distribution of surface compositions at effective temperatures greater than 30 000 K, has not been considered (see Fontaine & Michaud 1979) .
In this work, we have followed the complete evolution of 16 WDs together with the binary evolution of their progenitors. In Table 2 we list some characteristics of the systems. Specifically, we study the evolution of 11 He-WD sequences with final masses of 0. 1604, 0.1869, 0.2026, 0.2495, 0.3056, 0.3333, 0.3515, 0.3844, 0.3986, 0.4160 and 0.4481 Mq as well as five O-WD sequences with fi nalmasses of 0.3515, 0.3844, 0.3986, 0.4160 and 0.4481 Mq. The central oxygen abundance by mass for these sequences ranges from 0.891 to 0.915. In order to derive a lower mass threshold for the occurrence of hydrogen flashes, we additionally compute the evo lution for a sequence with 0.1702Mq. This evolutive sequence was artificially obtained from 0.1604 and 0.1869 Mq evolutive se quences both calculated from binary evolution. In particular, the initial hydrogen envelope mass for 0.1702 Mq model, a fundamen tal quantity for the occurrence of flashes, was calculated by means of interpolation on the basis of realistic projections given by binary evolution. The evolutionary stages prior to the WD formation are fully accounted for by computing the conservative binary evolution of Population I progenitors. We have not taken into account the occurrence of a possible short-term Roche lobe overflow (RLOF) when the WD envelope is expanded to giant dimensions during the flashes previous to the final WD cooling branch. We started the evo lution from the ZAMS through the mass transfer episodes, stages of thermonuclear flashes due to hydrogen-shell burning to the domain of WD cooling branch. For all of the sequences a solar-like initial composition (Y, Z) = (0.28, 0.02) has been adopted. The treatment of convection is that of the mixing-length theory with the ratio of the mixing length to the local pressure scaleheight set to 2 -for more details see Han et al. (2000) , Chen & Han (2002 , 2003 . Dur ing binary evolution, we simply assume that RLOF is conservative and the calculation stops as the primary becomes a WD. In fact, the resulting WD systems will continue to evolve and result in different consequences, which depends on initial system parameters (Han, Podsiadlowski & Eggleton 1995) .
For our adopted initial system parameters, our WD remnants with stellar masses larger than 0.3515 Mq are characterized by oxygen rich cores instead of harbouring a helium core. Indeed, in these bi naries the helium core is burned in the primary star before it evolves to WD, with the consequent enrichment in oxygen and carbon (Han et al. 2000) . For the sake of a direct comparison with these O-WDs, we have also calculated evolutionary sequences of He-WDs for stel lar masses greater than 0.3515 Mq. To this end, we have artificially shut down the core helium burning in the whole evolutionary phase. In this way, we obtain He-WD sequences with the same stellar masses than the O-WD ones.
EVOLUTIONARY RESULTS
In this section we describe our main results. In Table 3 where it is listed, from left-to right-hand side, the stellar mass, the surface luminosity (in solar units), the effective temperature, the abundance by mass of surface hydrogen, the total hydrogen mass of the star (in stellar mass units), the age (in 106 yr) and the surface gravity. We set up time t = 0 after the mass-loss phase has ended. The corresponding HRDs for the O-WDs with masses of 0.3515,0.3844, 0.3986 and 0.4481 Mq are shown in Fig. 3 and their corresponding data are in Table 4 . In Fig. 4 we show the evolution in HRD for He-WD sequence with stellar mass of 0.1702Mq, the characteristics of which are listed in Table 5 .
As is well known, hydrogen-shell burning in low-mass WDs can become unstable, leading to thermonuclear flashes by means of the CNO cycle. These flashes do not occur for WDs with masses lower ~0.17 Mq -see Webbink (1975) , Driebe et al. (1998) , Sarna et al. (2000) and Althaus et al. (2001) . An important aspect of this and our previous studies is the role that element diffusion plays in in ducing additional thermonuclear flashes. In this sense, we reinforce the conclusions arrived at in our previous studies that these addi tional thermonuclear flashes strongly alter the further evolution of the WD, being responsible for the presence of He-WDs with thin H envelopes. Specifically, these additional thermonuclear flashes are triggered by the tail of hydrogen distribution that is chemically diffused inwards to regions where the temperature is high enough to burn it, inducing a thermal runaway. In order to determining the threshold for the occurrence of thermonuclear flashes, we generated several sequences with masses between 0.1604 and 0.1869Mq. We found that the threshold occurs at about 0.1702Mq. That is, sequences with stellar masses lower than 0.1702 Mq do not experi ence hydrogen flashes even in the presence of diffusion. In particular for the sequence of 0.1702Mq, we found five flashes (see Fig. 4 ). The occurrence of thermonuclear flashes in most of our sequences is also in agreement with the results of previous studies that show that Table 3. these flashes do not occur for stellar masses lower than ~0.17 Mq. In addition, the occurrence of flashes in the massive sequences is in agreement with the results of Althaus et al. (2001) and are a con sequence of diffusion. Indeed, for these massive WD sequences, hydrogen flashes are absent if element diffusion is not considered. This is in agreement with the predictions of other authors (who do not consider diffusion) that thermonuclear flashes do not occur for stellar masses larger than 0.25-0.30 Mq.
To better clarify the role of diffusion in the chemical evolution, we show in Figs 5-7 the inner abundance distribution of II. 4He, 12C, 14N and 16O as a function of the outer mass fraction q (q = 1 -mr/Mf). Fig. 5 corresponds to aHe-WDmodel with 0.3333 Mq, and Figs 6 and 7, to He-and O-WD models, respectively, with a mass of 0.4481 Mq. In each figure, panel A depicts the initial chemical structure as given by binary evolution, before the model reaches the early cooling branch for the first time. Clearly, diffusion processes acting during the WD cooling track strongly modify the shape of the chemical profiles, causing hydrogen to float to the surface, and helium and heavier elements to sink down. Note the presence of a tail in the hydrogen distribution digging into deeper and hotter layers as evolution proceeds on the cooling branch. At high effective temperatures, this effect favours the occurrence of thermonuclear flashes. Note also how hydrogen goes to surface as the star evolves to the WD domain. Eventually, the pre-WD with an initially H-and He-rich envelope turns into an object with a pure hydrogen envelope (see also Tables 3 and 4 It is important to note that models without diffusion also expe rience thermonuclear flashes, but, as we mentioned, in presence of diffusion it is possible to carry hydrogen to inner and hotter regions and to induce additional flashes, which are critical for the further evolution of the star. These additional flashes will be responsible for the fact that the final hydrogen-rich envelope of the models becomes much thinner than in the case without diffusion. The reduction of the hydrogen-rich envelope after flash episodes is clear from examining Note that because the lack of hydrogen flashes in the 0.1604 Mq sequence, the envelope is not appreciably burnt in this case. The situation for our O-WD sequences is depicted in Fig. 9 . The de picted evolutionary stages correspond to those following the end of mass transfer episodes after binary evolution. Note the hydro gen consumption that takes place after the last diffusion-induced flash episode. As a result, the hydrogen content is markedly smaller Table 3. when the models enter the final cooling branch. Note that the most hydrogen-rich envelope is burnt in an extremely short time interval (compared with whole WD evolution) and that less massive models tend to retain a thicker hydrogen-rich envelope (this is not fulfilled for all models). For the 0.2495 Mq model we include in the figure the corresponding HR track. Numbers indicate the moments when the hydrogen envelope decreases in mass during first and second thermonuclear flashes: they are the lapses 1-2 and 3-4, respectively.
Let us compare the nuclear energetics of our sequences. We stress again that all of our sequences (except for 0.1604 Mq model) undergo diffusion-induced thermonuclear hydrogen flashes, giv ing rise to thin hydrogen envelopes. In fact, the residual hydrogen present in the WD before it enters the final cooling branch is so small that the nuclear luminosity of the object is negligible. We illustrate this in the left-hand panels of Figs 10 and 11, where the ratio of nuclear (due to proton-proton chain and CNO cycle) to photon lu minosities as a function of age for He-and O-WDs is shown. Only the evolution on the final cooling branch is depicted in the figures. Note that, at advanced stages of evolution, residual hydrogen burn ing barely contributes to the energy budget of the WD. We conclude that diffusion prevents hydrogen burning from being a main source of energy for most of the evolution of low-mass WDs with stellar masses greater than ^0.17 Mq. This is in contrast with the situa tion where diffusion is not considered, in which case residual hy drogen burning after thermonuclear flashes is the dominant energy source even at advanced stages of evolution (see Driebe et al. 1998; Althaus et al. 2001; Nelson et al. 2004) . As a result, WDs obtain energy from its relic thermal content, and the cooling ages become notably smaller as compared with the case in which diffusion is ne glected. The fast cooling of our sequences experiencing hydrogen flashes is documented in the right-hand panels of Figs 10 and 11, where the WD effective temperature is shown as a function of age. For two selected stellar masses, we also include with dotted lines the predictions for the 0.259 and 0.300 Mq evolutionary sequences of Driebe et al. (1998) . These two sequences experience thermonu clear flashes and predict ages exceedingly larger than those given by our sequences. The ages derived from the Driebe et al. (1998) sequences are in agreement with our results when diffusion is not considered in our computations (see Althaus et al. 2001) . We also include in the figure the observational data for the WD compan ion to the millisecond pulsar PSR B1855+09 (Bassa et al. 2003) . Note that our 0.2495 Mq sequence is able to reproduce the very short spin-down age of PSR B1855+09, which is far from being possible if element diffusion is not considered. Our sequences are characterized by short cooling ages. This is true even for the major improvements to the treatment of the WD progenitor evolution con sidered in this paper, as compared with the extreme simplification for the binary evolution assumed in Althaus et al. (2001) . Thus, the conclusions arrived at in Althaus et al. (2001) concerning the fast evolution resulting from the inclusion of diffusion processes appear to be robust.
As we mentioned for stellar masses lower than the mass value threshold of 0.17 Mq, models do not experience thermonuclear flashes even in the presence of diffusion. From our previous discus sion we expect large evolutionary ages resulting from the residual nuclear burning in these low-mass WDs. This expectation is borne out in Fig. 12 . Here we show the effective temperature versus age relationship for the 0.1604Mq sequence. For this sequence, the Table 3 . He-WD sequences with masses 0. 1604, 0.1869, 0.2026, 0.2495, 0.3056, 0.3333, 0.3515, 0.3844, 0.3986, 0.4160 and 0.4481 Mq. Ages are counted from the end of mass transfer. We list from left-to right-hand side, the stellar mass, the luminosity (in solar units), the effective temperature, the abundance of surface hydrogen, the total hydrogen mass of the star, the age (in 106 yr) and the surface gravity. ratio of nuclear luminosity due to proton-proton chain and CNO cycle to photon luminosity remains log [(Lpp + ¿CNo)/i] 0, for most of the WD evolution. That is, residual hydrogen burning is the main source of energy of star. In this figure we also include the observational predictions for PSR J1012+5037 (see Table 6 ).
Note that in this case the large spin-down age of this pulsar is well reproduced by the WD evolutionary age.
We find that element diffusion is also a key ingredient in the evo lution of low-mass O-WDs. Here, diffusion also prevents hydrogen burning from being a main energy source for most of the evolution Table 4. of these stars. As in the case of He-WDs, the O-WDs must extract energy from its relic thermal content. Thus, we expect, as compared with their He-core counterparts, low-mass O-WDs to evolve faster once they have reached their terminal cooling track. This expecta tion is borne out in Fig. 11 where we note that the cooling times for the O-core sequences are markedly shorter (from a factor of 0.64 -for 0.3515 Mq -up to a factor of 0.45 -for 0.4481 Mq) than those corresponding to the He-core ones for the same stellar mass. This faster cooling is because the oxygen core is characterized by a lower total capacity of storing heat than a helium-dominated core. Another point worthy of comment is that Coulomb interactions are more relevant in the case of the O-core models. In this sense, we note that at the most advanced computing stages, all of our O-WD sequences have already started to develop a solid core.
MASS-RADIUS RELATIONS FOR HELIUM-AND OXYGEN-CORE WHITE DWARFS
We use the full set of stellar models calculated in this work with different masses to compute accurate mass-radius relations. We be gin by examining Figs 13 and 14 where the evolution of the surface gravity is shown in terms of the reft for the final cooling WD branch. In Fig. 13 we add the location of some WD companions to millisec ond pulsars indicated in Table 6 . We also include isochrones in Myr units for 50, 100, 250, 500, 1000, 2000 and 4450. In Table 4 ). For these sequences we considered Tes values from 5000 to 80 000 K with steps of 5000 K. For the sake of com parison, for each of the considered core compositions we have also computed the zero-temperature Hamada-Salpeter (HS) relation.
In Figs 15 and 16 we show the resulting mass-radius relations for He and O cores, respectively. In each figure, the HS zero-temperature mass-radius relations are also indicated (in Fig. 15 we depict HS homogeneous He models and in Fig. 16 HS homogeneous C models and HS homogeneous O models). As is well known, for a given stellar mass, models are characterized by larger radii at higher Teff (Panei, Althaus & Benvenuto 2000) . Note that for Teff ->■ 0, the radius of the models tends to the respective HS values, as expected. The behaviour exhibited by the mass-radius relations over Tes ~ 24000 K, in Fig. 15 , is due to the hook in the evolutionary tracks caused by the re-ignition of the hydrogen shell on the terminal WD cooling branch -see also Driebe et al. (1998) . These features occur at relatively short cooling ages (<10 Myr).
In Fig. 17 we show isothermals for He-WD models. Letusobserve the break in the isothermals at lower masses. The corresponding data of observations included in figure are listed in Table 1 . This figure gives evidence that WDs with masses lower than 0.17 Mq have ages greater than those with masses greater than this threshold. This confirms the existence of the age dichotomy. 
CONCLUSIONS AND IMPLICATIONS
There is ample evidence that element diffusion is an important pro cess that occurs in WD stars. In the field of low-mass WDs with he lium cores, Althaus etal. (2001) showed that element diffusion leads to an envelope dichotomy that translates into a dichotomy in the He-WD ages. That is, for WD models with stellar masses less than about 0.17 Mq the remnant envelope with which WDs enter their Table 5 .
terminal cooling branch is thick enough for residual nuclear burn ing to yield a delay in the evolution; but for more massive WDs the envelope left is thin and evolution proceeds very fast. Specifically, element diffusion produces additional hydrogen-shell flashes, which eventually leads to very thin hydrogen envelopes. Such a dichotomy has been inferred from observational data of many WD companions to millisecond pulsars: WDs with stellar masses lower than about 0.17-0.20 Mq appear indeed to evolve much more slowly than those with larger stellar masses (van Kerkwijk et al. 2005) . As shown in Althaus et al. (2001) , element diffusion appears to be a viable rea son for explaining the extremely fast evolution required to match the WD age with the spin-down age of some millisecond pulsar. This is an important issue because it could constitute a clear demonstration of the existence of diffusion processes in the deep interior of WDs. However, the study of Althaus et al. (2001) is based on simplified hypotheses about the evolution of the WD progenitor stars. Indeed in Althaus et al. (2001) the star models were obtained by simply abstracting mass from a 1 Mq model at appropriate stages of its evolution towards the red giant branch. In this paper, we have sub stantially improved the treatment of the WD progenitor evolution by considering in detail the evolutionary stages leading to the for mation of low-mass WDs. In particular, we have computed the full evolution of He-WDs for 11 stellar masses, consistently with the expectations from close binary evolution. The improvement in the .1604, 0.1702, 0.1869, 0.2026, 0.2495, 0.3056 and 0.3333 Mq He-WD models. After each flash episode, the hydrogen mass is strongly reduced as a result of nuclear burning. Thus models enter the final cooling branch with markedly small hydrogen masses. Note the extremely short time interval in which flash episode occurs. For the 0.2495 Mq model, we include its HRD.
treatment of the evolution of progenitor stars has enabled us to re examine the conclusions arrived at in Althaus et al. (2001) about the importance of diffusion processes in low-mass WD stars. In this paper we have not considered the possibility that processes such as meridional circulation may play a role in mitigating and even suppress the effects of diffusion-induced burning. As shown here, diffusion remains an attractive mechanism to explain the observed age dichotomy. The existence of diffusion in WDs is favoured by ample observational evidence about the occurrence of this process both in the surface layers and in the deep interior of WDs. In the case of intermediate-mass WDs, Metcalfe et al. (2005) have shown that, on the basis of asteroseismological fittings, diffusion takes place in the deep envelope of GD 358, a pulsating DB WD characterized by a stellar mass of 0.61 Mq and a rotation velocity of 0.61 km s (Winget et al. 1994; Kawaler 2003) . Clearly, diffusion operates in the deep layers of this WD despite the presence of rotation. In low- Age [Gyr] Figure 10. Ratio of nuclear (due to proton-proton chain and CNO cycle) to photon luminosities (left-hand panels) and effective temperature (right hand panels) in terms of age for our He-WD sequences. In the interests of comparison we have included the 0.259 and 0.30 Mq He-WD sequences of Driebe et al. (1998) , denoted by dotted lines. We also include the WD companion to the millisecond pulsar PSR B1855+09.
mass WDs, we generally expect low rotation velocities. Indeed, at the beginning of RLOF, the donor corotates with the orbit, i.e. the spin period is the same as the orbital period. Since there is no known mechanism to make the spin faster during the RLOF, and if we sup pose that the WD corotates with the orbit, the value of the spin period should be between the initial and final orbital periods (see Po and Pe in Table 2 ). Under this assumption, we expect He-WDs with stellar masses lower than 0.25 Mq to rotate with velocities lower than about 0.10 km s , i.e. much lower than the rotational velocity of GD 358. Thus, rotation would play a minor role in affecting the diffusion-induced burning in these WDs. However, for less massive 
Age [Gyr]
Figure 12. Effective temperature in terms of age for 0.1604 Mq sequence. We include observational data for PSR J10124-5307 listed in Table 6. WDs, rotational velocity becomes as high as -©kms For such low-mass WDs, rotation could in principle mitigate the role of dif fusion in inducing thermonuclear flashes. This being the case, the mass threshold for the occurrence of thermonuclear flashes would be somewhat larger than that found here. A detailed exploration of this issue is beyond the scope of this paper and would carry us too far afield.
On the basis of these new models with realistic history, we have revisited the age of some low-mass He-WD companions to millisec ond pulsars. Table 6 . WD companions to millisecond pulsars ploted in Fig. 13 . The data tabulated are the stellar mass, the effective temperature, and surface gravity.
PSR
Mwd ( Table 7 . WD companions to millisecond pulsars plotted in Fig. 15 . The data tabulated are the stellar mass and radius.
Mwd ( 1604, 0.1702, 0.1869, 0.2026, 0.2495,0.3056,0.3333, 0.3515,0.3844,0.3986, 0.4160 and 0.4481 Mq He-WD models. We plot isochrones (in Myr units) for 50, 100, 250, 500, 1000, 2000 and 4450 (segmented solid lines). We also indicate the locations of WD companions to some millisecond pulsars (see Table 6 ).
which has been estimated quite precisely by using the Shapiro delay of the pulsar signal -see Kaspi et al. (1994) -and a Teff 4800 ± 800 K -see Bassa et al. (2003) . The characteristic age rchal of the pulsaris ~5 Gyr. From our results, we found an age r (0.2495 Mq) 3.757/2 no Gyr, in agreement with r C|HII. According to the Driebe et al. (1998) evolutionary models, the WD cooling age should be ~0 Gyr. A similar large age is also derived by Nelson et al. (2004) . Driebe et al. (1998) and Nelson et al. (2004) predictions, as well as our sequences without diffusion, are at odds with the pulsar spin down age.
(ii) He-WD/PSR J0437-4715 The He-WD companion to PSR J0437-4715 has amass of 0.236 ± 0.017 Mq (from Shapiro delay) and Teff 4000 K (see Bell, Bailes & Bessell 1995) . From our results, we found ages r(0.2026 Mq) 4.324 Gyr and at reff 4100 K, r(0.2495 Mq) 5.887 Gyr. The characteristic age of the pulsar is ~4.4-4.9 Gyr (Sarna et al. 2000) , . Isothermals for He-WD models, numbers in figure are in 103 K units. We also add the location of WD companions to some millisecond pulsars (see Table 1 ).
which is within the predictions of our models. Nelson et al. (2004) found that if the WD is about 5 Gyr its effective temperature should be higher than 8500 K, very different from the effective temperature of the WD. The models of Driebe et al. (1998) also predict for this WD ages that far exceed the characteristic age of the pulsar.
(iii) He-WD/PSR J0751 + 1807 The He-WD companion to the PSR J0751 + 1807 has a mass of M).16-0.21 Mq (Nice et al. 2005) and is a cool object, with aTeff 4300-3500 K. The characteristic age of the pulsar is rchal ~ 7.1 Gyr (Bassa et al. 2006a) . Assuming a reff 3600 K, we found an age of r 5.84 Gyr (for a model of 0.2026 Mq). The good agreement between both ages suggests that the mass of this WD would be above the threshold value for the age dichotomy. In fact, lower stellar masses would imply ages far exceeding the spin-down age of the pulsar.
(iv) He-WD/PSR J1012+5307 The He-WD companion to this pulsar has a mass of ^0.16 ± 0.02 Mq (Bassa et al. 2003) and Teff 8900-8500 K. The charac teristic age of the pulsar is rchal ~ 9 Gry (Bassa et al. 2003) . In this case, only WD models with thick hydrogen envelopes reproduce the large spin-down age of the pulsar.
These observational issues clearly exemplify the importance of diffusion processes in getting an agreement with the spin-down ages of some millisecond pulsars. Indeed, models with diffusion give rise to markedly smaller WD ages, as compared with the situation in which diffusion is not considered (Driebe et al. 1998; Nelson et al. 2004 ; and our results when diffusion is neglected: Althaus et al. 2001) . The results present here reinforce the conclusions arrived at in Althaus et al. (2001) that diffusion isa key ingredient in explaining the age and envelope dichotomy observed in many WD companions of millisecond pulsar. The fast evolution above a threshold stellar mass that result from the inclusion of diffusion processes remains true even when account is made of the full binary evolution that lead to the formation of these WDs. That is the main conclusion of this work. We also determine the mass threshold for the occurrence of the age dichotomy to be about 0.17 Mq.
As we mentioned, the existence of diffusion processes in real stars is sustained by observational evidence. Our study suggests that the age and envelope dichotomy inferred from observations of low-mass WDs with millisecond pulsar companions could be an indication that diffusion is also a key physical ingredient in the evolution of low-mass He-WD stars.
Finally, we have assessed the evolutionary and structural prop erties of low-mass O-WDs with stellar masses of 0.3515, 0.3844, 0.3986, 0.4160 and 0.4481 Mq as predicted by our binary calcula tions. For these WDs, we have reported the occurrence of diffusioninduced hydrogen-shell flashes, which, as in the case of their He-core counterparts, strongly influence the late stages of cooling. In closing, detailed mass-radius relations derived from our evolu tionary sequences have been presented. We have prepared detailed tabulations for such mass-radius relations as well as for the evo lutionary properties of the sequences, which are available at our web site http://www.fcaglp.unlp.edu.ar/evolgroup or upon request to panei@fcaglp.unlp.edu.ar.
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